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Binomial, Poisson, Normal Distribution

Binomial Distribution(0 00O ):

We are interested in the number of times an event A occurs in n independent trials. In each
trial the event A has the same probability of occurrence P(A) = p. Then, in a trial, the
probability that A will not occur is ¢ = (1 — p). In n trials the random variable that interests
us is X = Number of times A occurs in n trials.

Thus, X = x means that event of interest A occured in z trials and it did not occur in n — x

trials. They may look as follows.

AA-- A BB---B
a7 | —
T times n — x times

or ABBAAAB---B (A: x times B: n—x times)

This may happen in

n! n
—_ = number of ways
xl(n — z)! x

The probability is P(X = x) of X = z, of obtaining precisely x A’s in n trials. Hence X has

the probability density function

The above is known as binomial distribution or bernoulli distribution(0 00000 O)

The occurrence of an event is called success (O O )(what it actually means is the event of
interest. Thus, it may mean that you miss your train, or a product from an assembly line is
faulty).

Nonoccurrence of an event is called failure(O0 O).

Mean of a binomial distribution:

n=np
variance and standard deviation of a binomial distribution:

o? =npqg=np(l —p) and therefore o= \/np(1 — p)

Example: Compute the probability of obtaining at least two ”Six”es in rolling a fair die 4 times.
(40000000000000020006000000000)



Poisson Distribution(Co0o0000)

Poisson distribution is another discrete probability distribution. But here the success
probability, p, is very low, and number of trials is high. In such a case, probability calculation
using Binomial distribution is computationally heavy. Poisson distribution gives a more
compact expression when p — 0 and n — oo. The probability of x successes in n trials, where x

could be 0,1,2,--- n is given by
_ P _
flx)="—e where p = np
Poisson distribution follows from the fact that,

lim (1—|— f) =e”
n

n—oo

The mean and variance of Poisson distribution is same as in Binomial distribution, i.e.,

w=mnp and o=+/np(l—p)=np as p—0

Examples of Poisson distribution:

10 If the probability of producing a defective screw is p = 0.01, what is the probability that a
lot of 100 screws will contain more than 2 defectives 7

(0000000000000 p=0.0l00001000000000 2000000000000
oooooooon)

20 The mean number of misprints per page in a book is 1.2. What is the probabiity of finding
on a particular page (a) no misprints; (b) three or more misprints? (000 100000000
000 1200000 1000000000000000O0 (0)0ODOOO0OO0ODOOOOOO
oooo

Problems:

1. During 8:00 am ~ 6:00 pm total incoming call is 10. What is the probability of 1 call
between 9:00 am to 10:00 noon? What is the probability of more than 2 calls between 9:00 am
to 12:00 noon 7

(8:00 am ~ 6:00 pm OO OO0 1000000000000000O9%00am 00 10:00 pm 000
100000000000 000b000 900am 00 12200ncon OO0 2000000000
O00ooOooooon)

2. The following table shows us the death toll in a day during 1096 days. What is the
probability of 2 people die on a single day? What is the probability that more than 2 people
die on a single day?

(0000 109600000000000200 1000000000000 2000010000
0ooooooooooooon)



Death toll is 0 1 2 3 4 516 |7|18]19]10
Number of days | 162 | 267 | 271 | 185 | 111 | 61 | 27 | 8 [ 3| 1| O

3. If on the average, 2 cars enter a certain parking lot per minute. what is the probability that
during any given minute 4 or more cars will enter the lot? (000000000 2000000
000000100000004000000000000007)

4. Five fair coins tossed simultaneously. Find the probability function of the random variable
X = Number of heads and compute the probabilities of obtaining no heads, precisely 1 head,
at least 1 head, not more than 4 heads. (50000000000000000000O00O0

X = Number of heads 100 000000000DO10000000000DOOOOO400
00o0o0ooooooon)

5. If the probability of hitting a target is 25% and 4 shots are fired independently, what is the
probability that the target will be hit at least once? (000000000000 25%00000
0000400000000000000000 1000000000000)

6. In Prob.5, if the probability of hitting would be 5% and we fired 20 shots, would the
probability of hitting at least once be less than, equal to, or greater than that in Prob.2? Guess
first. (Prob.2000005% 00000 2000000000000000000 1000000
ooooon)

7. Classical experiments by E.Rutherford and H.Geiger in 1910 showed that the number of
alpha particles emitted per second in a radioactive process is a random variable X having a
Poisson distribution. If X has mean 0.5, what is the probability of observing two or more
particles during any given second? (00000000001 00000000cO0000O0OOO
00000000 XO0Ooooooooooxooooos0000aOd0O0 200000000
O00oooon)

Normal Distribution(0000)

The normal distribution or Gauss distribution is defined as the distribution with the density

0= e[ (7))

i [ 4(52)]

Standardized normal distribution with mean 0 and standard deviation 1 we denote F'(z) by

The distribution function




®(z). Then we simply have from distribution function

1 z
d(z) = E/ e/ gy

The probability that a normal random variable X with mean p and standard deviation o

assume any value in an interval a < = < bis

Pla < = < b)=F(b) — F(a):(b(b—u) _ @(G—M)

Plu—0o <X < pu+o) = 68%

Pp—20c <X < p+20) =~ 95.5%

Plp—3c <X < p+30) = 97.7%
P(u—1960 <X < pu+1.960) = 95%
P(u—2580 <X < p+258) = 99%
P(p—329% <X < p+329) = 99.9%

Testing whether the distribution is normal for small sample set: Normality test is

important in many practical problems. When the sample size is large, we can draw the

histogram, see the shape, and decide, at least empirically, whether it is a normal distribution or

not. This is not possible when the sample size is small (say, less than 30). A more formal way

of acertaining normality is by drawing Normal Probability Plot as explained below.

e Step 1: Sort the data in ascending order

e Step 2: Compute f; = ((:_f_)o‘a;;’)),

of a sample and n is the total number of samples. This f; represents the probability of

finding a sample whose value is equal or less than the i*" sample.

where 7 is the index (i.e. serial number in the sorted list)

e Step 3: Find the Z-score, z; = I%”, of the iy, sample on the sorted list. Use the value of

1 and o calculated from the given samples. If f; =~ z; for all i-s, the distribution is
normal. Plot them, and if all the points lie on a straight line of slope 1, the sample set

follows normal distribution.

e Step 4: Otherwise, as the value z; is proportional to z;, we can as well plot x; on the
X-axis and f; on the Y-axis. If this plot is a straight line, we can say that the samples

follow normal distribution.

Use Standard Normal Distribution Table given in the class to solve the following problems.
Examples:

1. Let X follows normal distribution with mean 0.8 and variance 4 (so that o =2 ). Find

probability of X <2.44. (XUOODOOODO 080000 40000X <244000000000)



2. In a production of iron rods let the diameter X be normally distributed with mean 20 mm.
and standard deviation 0.08 mm. (0000000000000 X0OOO 20mm. 00000
0000000 0.008 mm. O0O0O)

(a) What percentage of defectives can we expect if we set the tolerance limits at 20mm =+ 0.2
mm. ? (0000000 2mm +£ 02mm 0000000000000 0000OO)

(b) How should we set the tolerance limits to allow for 4% defectives? (0000 4% 0000
0000000000000 0000oooooon)

Problems:

1. Let X be normal with mean 10 and variance 4. Find P(X > 12) , P(X < 10) , P(X < 11),
PO<X<13). (00D 100000 4000P(X >12) ,P(X < 10), P(X < 11)
PO<X<13)0 X0OOOOODOO)

2. Let X be normal with mean 50 and variance 9. Determine ¢ such that P(X < ¢) = 5% ,
Plx>c) = 1% ,PB0—c < X <50+¢) =50% (000500000900
Plx>c) = 1%, PB0—c < X <50+¢) =50%000 c0O00D)

3. If the lifetime X of a certain kind of automobile battery is normally distributed with a mean
of 5 years and a standard deviation of 1 year, and the manufacturer wishes to guarantee the
battery for 4 years, what percentage of the batteries will he have to replace under the
guarantee? (0000000000000 O0O0OO0 XOUOOS0000000 10000000
0000000000000 0U0U0o0ooo400000000000000O0000%0O000
0000000o0oU0o0oooooooooooog)



