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Abstract

Unsupervised learning is used to categorize multidimensional data into a number of meaningful classes
on the basis of the similarity or correlation between individual samples. In neural network implementation
of various unsupervised algorithms such as Principal component analysis (PCA), competitive learning
or self-organizing map (SOM), sample vectors are normalized to equal lengths so that similarity could
be easily and efficiently obtained by their dot products. In general, sample vectors span the whole
multidimensional feature space and existing normalization methods distort the intrinsic patterns present
in the sample set. In this work, a novel method of normalization by mapping the samples to a new space
of one more dimension has been proposed. The original distribution of the samples in the feature space
is shown to be almost preserved in the transformed space. Simple rules are given to map from original
space to the normalized space and vice versa.
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1 Introduction

Unsupervised learning [1] is mainly used to categorize a set of multidimensional input data into a number of
meaningful classes. In artificial neural network implementation, the network must discover by itself patterns,
features, correlations or categories in the input data without the help of any teacher. In statistical literature
this is called clustering.

The objective of unsupervised learning can be multifold. Besides categorization, it is used for principle
component analysis(PCA), feature mapping or data encoding. Though well developed statistical meth-
ods [2] [3] are available, for large data set they are computationally too heavy. Recently several artificial
neural network architectures and learning algorithms for unsupervised analysis e.g. principal Component
Analysis [4] [5] for dimensionality reduction, competitive learning [6] for clustering, self-organizing map
(SOM) [7] for feature extraction and vector quantization (VQ) [8] for data encoding have been developed.

In artificial neural networks, input to the i** node is w.x = Zj-l:lwij zj, where x=< 1, 22,...24 > is the
d-dimensional input feature vector and w is the weight vector for the i** node. Here, w;;s are the different
weights connecting the i** node to the different inputs. In supervised learning, this input Zgzlwi]- z; then
passes through a non-linear transfer function (threshold, sigmoid, rbf etc.) to produce the output. Thus in
general, the inputs (features) are linearly combined with the weights before being fed to the transfer function.

This is not true in case of most of the unsupervised learning neural networks. Unsupervised learning
algorithms need to find out the similarity/dissimilarity between input data and a prototype for categorization

by means of some similarity/dissimilarity measure. If the dissimilarity measure i.e. the distance metric is city



block norm or Tchebyshev mazimum norm, this operation is linear. On the other hand if Fuclidean distance
or Mahalanobis distance are used for dissimilarity measure, they are non-linear, because they involve higher
order operations on the input features. The linear operations are more efficient computationally and are
easier for hardware implementation compared to measuring Euclidean distances.

It is again true that Fuclidean distances as dissimilarity measure is preferable in many practical appli-
cations. When all the sample and weight vectors are normalized, the dissimilarity measure by Fuclidean
distances is equivalent to the similarity measure by dot product of the input feature vector (x) and the
weight vector (w). This is further elaborated in Section 3. This linear operation on input vector is compu-
tationally more efficient compared to computing Fuclidean distances. Its hardware implementation is simple
and efficient too. Applications like unsupervised classification of NOAA satellite data [10], or data mining
on retail store sales data or credit card data, where data size is enormous and needs millions of comparisons
in one epoch of learning, this improvement in efficiency is very important.

Thus, for improving efficiency of unsupervised learning, it is important to normalize the input vectors
before feeding to neural network. But the normalization procedure should not distort the inherent pattern
present in the samples and thereby destroy some of the information contained in the data. The normalization
technique should retain mutual distances between any pair of samples, even after normalization. Existing
methods do not comply with that. In the present work we propose a new technique to accomplish such
normalization by transforming the data to a new space where all sample vectors become of equal length, and
their relative distances are maintained to a significant accuracy.

In the next section we discuss briefly about general normalization techniques. In section 3 we introduce
competitive learning network as the representative of unsupervised learning and further elaborate the need
for normalization. In section 4, we explain our normalization algorithm and in section 5 the algorithm is

analyzed. The final section contains discussion and conclusion.

2 Normalization of Data

Generally normalization is a preprocessing technique to accommodate different ranges and units of values in
different dimension of a multidimensional data by translation and scaling, so that the sample values in each
dimension have zero mean and unit variance. This or similar preprocessing is in many situations an important
step before any analysis of the input samples. For categorization of the preprocessed normalized data one
has to partition the sample space into separate groups of similar samples. Now the obvious question is how
to measure the similarity between two samples. One possible measure is the Euclidean distance ||x — x'|| in
the feature space. A more robust way [3] is to introduce a nonmetric similarity function o(x,x’), which is
large when vectors x and x' are similar. Thus one possibility is
t
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which is the cosine of the angle between x and x'. This distance measure is invariant to rotation and dilation.

But this similarity measure can not distinguish for example cluster 2 from cluster 3 as shown in Fig. 1.



In fact, the two distance measures, the Euclidean distance and the cosine of the angle, are equivalent
when the vectors are normalized in the sense that the length of vectors are all equal.

Most of the artificial neural network algorithms for clustering, which measure the closeness of input and
the prototype weight vectors by their dot product i.e. in terms of the cosine of the angle between them,
need those vectors to be normalized. Usually the normalization is carried out by dividing every individual
vector by its modulus, which destroys some of the spatial information of the samples in the feature space.
After such normalization the sample distribution as shown in Fig. 1(a) will become like in Fig. 1(b), where
cluster 2 and cluster 3 got merged.

The above mentioned problem, with respect to unsupervised neural network models, is explained more

formally in the next section.

3 Unsupervised Neural Network and Normalization Problem

We take the competitive learning network as the representative for unsupervised learning. We shall discuss
here one of its several variants, known as the winner take all network, to explain the necessity for normalizing
samples.

Let x* denote the puth d-dimensional sample vector, whose components are ¥, z5,...,z4. p is the label
for the pattern and has values from 1 to N, where NN is the number of patterns.

In simple competitive learning network, as shown in Fig. 2, there is a single layer of output units
01,03, ...,0p, each fully connected to the different components of the input pattern x* via excitatory con-
nections w;;. Output unit O; represents vector w; in the feature space with components w;i, w;2, . .., wiq.

Different samples are presented to the input units (in random order) and one of the outputs is declared as

winner. The winner is decided as the output unit which is closest to the input pattern i.e.

[[wir —x*|| < ||wi —x*]| foralli=1top (1)

Here, i* denotes the winner output. In Eq. (1) Euclidean distance is used as the measure of dissimilarity
and is desirable in many applications. When all patterns and weight vectors are normalized, it is easy to see

that Eq. (1) is equivalent to

wi-.xt > wpx# foralli=1top (2)

Compared to Eq. (1), Eq. (2) is computationally more efficient and easier for hardware implementation.
When the number of samples is large the gain in efficiency is significant. Once the winner output O;« for
input pattern x* is decided, its weight vector components are trained (modified) according to the following

learning rule,

Awi*]‘ =nX (.Z’.I; — wi*]‘) (3)

where 7) is the learning rate. Eq. (3) is often called as standard competitive learning rule and works best

for normalized inputs [9](chapter 9). After learning for several epochs the weight vectors stabilize to the



locations of cluster centers.
While learning rule is different, Kohonen’s SOM algorithm determines the winner in the same fashion

and the efficiency gain is similar when pre-normalized data is used.

4 Proposed Normalization Algorithm

In this section we propose a normalization algorithm that preserves the relative distances of the original
samples. For ease of explanation, we shall first introduce the concept for one and two-dimensional data and
then extend it to the general d-dimensional case. We shall show that the algorithm is a one-to-one mapping

and the relative distance of any pair of samples is preserved to a high order of accuracy in the mapped space.

4.1 The proposed plan

The basic idea of this normalization is to map elements of the d-dimensional multivariate sample vector set
to the surface of a unit hypersphere of d + 1-dimension. All samples are now of unit length and therefore
normalized. Once the sample vectors are normalized, the unsupervised NN algorithms can work efficiently
on them. The prototypes obtained in the normalized space could then be reverse mapped to the original
feature space. The reverse mapping is unnecessary when only categorization of patterns is needed.

Let us start with the original set of d-dimensional sample vectors Xor, = {2} Tg|z' =1,---,d and p =
1,---,N} of N samples.

The steps involved for normalization shown in Fig. 3 are explained below:

Step 1: Find the length of the longest component of the sample vectors i.e. the longest of all z£' for 4 =1 to

N, and i =1 to d and let it be [. For one-dimensional case it is the length of the longest sample.

Step 2: Divide individual components of all the sample vectors by I. Thus the length of any component of any
sample vector will be < 1. This uniform scaling in all dimensions will not introduce any distortion
in patterns existing in the original sample set. The sample set in this compressed form is denoted as

x# .. For any d-dimensional vector, x#,  is obtained by z} =z .,/ for all p and 4.

Step 3: In the final step normalize the compressed sample vectors by mapping them to the surface of a unit

hypersphere to get normalized sample vectors X,,,.. The detail follows:

— For One Dimensional Samples:
Here we map the scaled sample points on a two dimensional plane along the circumference of a
circle of radius 1, as shown in Fig. 4. The Ilflfmm will be mapped such that it subtends an angle of
of  to the X-axis. Thus the polar coordinates of the point z}  will become (1,z{ ). The

new coordinates (components) of the normalized sample vectors will be

M = coszf

nor . com (4)
b = sinzy

nor com



— For Two Dimensional Samples:

For normalization, two-dimensional sample vectors are to be mapped to the surface of a unit

sphere in 3-dimension as shown in Fig. 5. Here, a sample point (z{ % ) is mapped to
I

2com

(1,2f ,x5 ) in polar coordinates. The point is shown as P in Fig. 5. Thus the new coordinates

in the normalized space is

w I3

p -
zf = coszh cosz
xhy = cosxh  sinaf (5)
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— For general d-Dimensional Samples:

Extending the same mapping principle, a d-dimensional compressed sample vector, (zf x5

'Y 2c0m

will be mapped to the surface of d + 1-dimensional unit hypersphere, and the components of the

normalized vector are:
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All these new (d + 1)-dimensional vectors will be of unit length and therefore normalized and

ready for further processing with unsupervised NN algorithms .

4.2 Reverse Mapping

We have shown above how to normalize a d-dimensional vector by mapping it to the surface of a unit
hypersphere of (d + 1)-dimension. Once the sample vectors are normalized, unsupervised algorithms are
used to find cluster centers (prototype vectors). If finding those prototype vectors is the motivation for
unsupervised learning, one would probably need to know their values in the original feature space. If only
clustering of the data is the aim, all computations could be confined in the normalized space. When necessary
the reverse mapping to the original feature space could easily be done as follows.

z!; is obtained using the following expression obtained from the last line of Eq. (6).

L1
B = S Ty, (7)
Any other z§  could be expressed in terms of ;U’(‘l +2)mon and xé‘z F1)mon if we consider the following forward

mapping expressions in Eq. (6)

P
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5 Analysis of the Algorithm

We have shown how to normalize multidimensional sample vectors and then reverse map to the original
space. Our proposed algorithm also satisfies following three useful properties for being used as a practical

normalization method.
1. All vectors after normalization are of equal length.
2. Mapping from d to d 4+ 1-dimensional is one-to-one.
3. The mutual distance between any pair of sample vectors is preserved.

The proof of item 1 trivially follows from Eq. (6). The proof for item 2 and 3 follows.

5.1 Proof of one-to-one mapping

In the compressed space the value of different d-components are < 1. Now when they are mapped to
the normalized d + 1-dimensional space, it is mapped simply to a point where the different components
are measures of angles (in circular measure). A point (z,z%,..., %) becomes (1,z%,z%,...,2!) (in polar
coordinates) in the normalized space. As all the components are < 1 i.e. none of the angles are > 27, it is

trivial that this mapping will be one-to-one. The same argument holds for the reverse mapping.

5.2 Preservation of Mutual distance

We already mentioned that the mapping algorithm preserves the mutual distance between any pair of

vectors. For simplicity’s sake we consider the 2-dimensional case where a point (z¥,z4) is mapped to

(cos zk cos l, cos xf sin zl', sin zk). Without loss of generality, we can consider y =1 and g = 2 as any

two points. The square of the distance between the two points in normalized space is
2 . ) 2 . ; 2

(cos x} cos x} — cos x3 cos x3)” + (cos xd sin x}t — cos x3 sin x2)” + (sin zl — sin 13)

=2 — 2 cos x5 cos 2% cos (x1 — 2?) — 2 sin 23 sin 3

=22 cos (z} — 22) + (z! — 22)” expanding cos (x} — x2), neglecting (x} —x2)* and higher order terms

= (z} — 22)” + (z! —22)” neglecting (x} — x2)* and higher order terms

Thus we see that the distance is preserved to a high order of accuracy. As the components values are < 1 and
therefore their differences too, the fourth and higher order terms are negligibly small and the mutual distance
is nearly preserved in the normalized space. Numerical simulations are done with several pairs of points at

various regions of the original space, and then they are mapped to normalized space. All calculations were



rounded to six decimal digits. It is observed that distance between a pair of points as close as 0.000001 are

maintained exactly, whereas greater distances are slightly changed in their 5th. or 6th. decimal places.

6 Conclusion

Unsupervised Neural Network algorithms are very strong tools for clustering or grouping multivariate input
data. With the increasing computational power and memory of the machines, it is now possible to collect
and store enormous data sets from sources like retail stores, credit card company, satellites etc. Unsupervised
neural network models are suitable to discover patterns from these vast data. For unsupervised clustering
we need to measure similarity between samples and prototypes and this comparisons could be done more
efficiently when sample data are normalized. Here we proposed a novel way to do this normalization without
distorting the intrinsic pattern. We have shown that the algorithm preserves the mutual distance between
any two pair of samples to a high degree of accuracy. Though the algorithm is computationally heavy, it
has to be done only once, whereas the similarity comparisons has to be done over several epochs facilitating
ultimate gain in efficiency.

An increased dimension is often a curse. But the curse of dimensionality is a curse only when the data

size is small. For the above mentioned applications that is not true.
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Figure 1: Merging of clusters due to Normalization
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Figure 2: Simple competitive learning Neural Network
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Figure 3: The Normalization Scheme
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Figure 4: Mapping of 1-dim data for normalization

13



cos Xp cos X1

X2

cos X2 sin Xj

Figure 5: Mapping of 2-dim data for normalization. For clarity of figure, sample points m’l‘com and x’z‘wm are
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